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Abstract 

The nonlocal Darboux transformation of the two - dimensional 
stationary Schrodinger equation is considered and its relation to the 
Moutard transformation is established. It is shown that a particular 
case of the nonlocal Darboux transformation provides the Moutard 
transformation. New examples of exactly solvable two - dimensional 
stationary Schrodinger operators with smooth potentials are obtained 
as an application of the nonlocal Darboux transformation. 

PACS: 02.30.Jr, 02.30.1k, 03.65.Ge 

1 Introduction 

The two - dimensional stationary Schrodinger equation is a model of physi- 
cal phenomenon in nonrelativistic quantum mechanics PQ, acoustics [2] and 
tomography [3J. The case of fixed energy for two - dimensional Schrodinger 
equation is of interest for the theory of two - dimensional integrable nonlinear 
systems [I], [5] and for the multidimentional inverse scattering theory [6] . 

Consider the two - dimensional stationary Schrodinger equation in the 
form 

(A-u(x,y))Y(x,y) = (1) 
where A is the two - dimensional Laplace operator 

dx 2 dy 2 
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The Schrodinger equation is related with the Fokker-Planck equation 



W xx +W yy + — {2h x W) + — {2h y W) = (2) 
by substitution [7j 

Y (x, y) = W (x, y) e h ^ (3) 

if condition 

u = -Ah + h x + hy (4) 

holds. 

The Fokker-Planck equation (J2J) has the conservation low form that yields 
a pair of potential equations 

W x + 2h x W-Q y = (5) 

W y + 2h y W + Q x = (6) 

In the paper [S] the special form of Darboux transformation for the po- 
tential equations (jSJ), (JSJ) was considered. As the potential variable is a 
nonlocal variable for the Schrodinger equation that provides the nonlocal 
Darboux transformation for the Schrodinger equation. It was shown that 
this nonlocal transformation is a useful tool for obtaining exactly solvable 
two - dimensional stationary Schrodinger operators. The consideration in 
the paper [8] is restricted by the simple case h — 0. In the present paper 
the case of arbitrary h is considered and relation of the nonlocal Darboux 
transformation with the Moutard [9] transformation is established. 

2 The nonlocal Darboux transformation and 
its relation with the Moutard transforma- 
tion 

For completeness we outline some results of the paper [S]. Let us consider 
linear operator corresponding to the system of equations (J3J) , (JHD 



L{h{x,y)) F 



^ + dx dy\ ( ^1 
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Consider Darboux transformation in the form 

~ V21 - a n £ - 621 ^ r 22 - a 22 £ - 6 22 \F 2 J 
If linear operators L and Lb hold the intertwining relation 

(L (h (x, y) + s (x, y)) L D - L D L (h (x, </))) F = (7) 

for any F G 7 D fsfer (h)^ where fsfer (/i)) = {F : L (h) F = 0}, 
then for any F s G Ker(^L(h)^ the function F(x,y) = L D F s (x,y) is a 

solution of the equation L (fij F = with new potential h = h + s. 

If one consider equation (JTj) on the set T of arbitrary functions, then treat- 
ing -Fi,F 2 and each of its derivatives as independent variables the following 
equation can be obtained 

f d(h + s) \ 2 | ( d(h + s) \ 2 _ fdhV | (dhV 
\ dx J \ dx J \dx J \dx J 

This is strong limitation for the new potential h = h + s. 
In the paper [S] it was proposed to consider equation (J7J) on the following 
domain: 

Jb = { F : F lx + 2 h x Fx - F 2y = 0} 

Taking into account this dependance of Fi,F 2 derivatives, the equations 
for s, Tjj, a,ij, bij can be obtained. 

It should be noted that instead of restriction to solutions of equation (J5J) 
domain F can be defined by restriction to solutions of equation (E}. Because 
the system of equations (jSJ), © has x, y interchange with change of Q sign 
symmetry, one can simply use this symmetry in resulting formulae. 

In the paper [8] the case h = was considered. Now let us consider the 
case of arbitrary h. 

When solving equation (j7|) on the domain J-q the special situation arise 
in the case s = —2h that corresponds to h = —h. In this case one can obtain 
from the equation the following Darboux transformation 

L D = (9) 
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By the formula (jlj) with h = — h we obtain for the new Schrodinger 
potential 

u (x, y) = u (x, y) + 2 A h (x, y) (10) 

Consider 

Y h (x,y) = e- h ^ (11) 

According to the formula (jlj), is a solution of the Schrodinger equation 
with potential u. 

Then we get another form of the formula (|T0|) 

u(x,y) = u(x,y)-2A\n(Y h (x,y)) (12) 

This formula coincides with the formula of Moutard transformation jH] 
for the potential of the Schrodinger equation. 
From the formula ([9]) and relation 

Y (x, y) = W (x, y) e Hx ' y) (13) 

we have for the new solutions of the Fokker-Planck and Schrodinger equa- 
tions 

W(x,y)=e 2h ^Q(x,y) (14) 

Y(x,y)=e h ^Q(x,y) (15) 

One can express W, Q, h by equations (JHJ), ( ITTj) trough Y, Y, Y h and 
substitute to the system of equations (jSJ), ©• The result is 




These formulae coincide with the formulae of the Moutard transformation 
for the solution of the Schrodinger equation. 

Thus the case h = —h of the nonlocal Darboux transformation provides 
the Moutard transformation. 
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The twofold application of the Moutard transformation can be effective 
for obtaining nonsingular solvable potentials for the Schrodinger equation 
[TO] . Now we give some formulae of the twofold Moutard transformation in 
the form convenient for later use. 

Let us consider a solvable Schrodinger potential u and select two solutions 
Yi, Y 2 of the Schrodinger equation with this potential. Then according to f fTTj) 
we choose Y^i = Y\ and perform the Moutard transformation by the change of 
hi sign. From (fl5|) we have for the result of Y 2 transformation Y2 = Qii/Yhi, 
where Q12, according to (E]), (jSJ), (EJ) and (JIT]) , satisfies the following system 
of equations: 

^-^ + ^1=0 (18) 
ox ox oy oy oy ox 

Then we choose Y^ 2 = Y 2 and perform the Moutard transformation by 
the change of h 2 sign. From t^j for h = — hi taking into account (TT8]) we get 




u = u + 4 (Q 

\ oy ox ox oy j 

+ 2(Ql ^((^ Yl .y^)\(^ Yl . Y2 ^ ] I (19 ) 

For nonsingular u, Yi, Y 2 one can see from this formula that singularity of 
u can arise from Q12 zeros. Note that Q12 is defined by (I18j) to within arbi- 
trary constant. In some cases, this constant allows to make Q12 of constant 
signs. 

According to (JTB]). (]T7|) for Y — Y h one has simple solution Y = 1/Y h . 

Therefore Y = l/Y^ = Yi/Q\ 2 is an example of solution for the Schrodinger 
equation with potential u. 

Now let us return to the consideration of the equation (Jj^. In the case 
s not equal to — 2h from the equation ([7]) on the domain J-" we obtain the 
following Darboux transformation 



s x — i? 2 — + -Ri — ^ 



(20) 
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where R x = F x /F, R 2 = F 2 /F 

F = 2s x (s x + 2h x ) + 2s y (s y + 2h y ) 

Fi = (s x + 2h x ) (-2 (s xy + h xy ) + (s y - 2h y ) s x ) 

+ (Sy + 2hy) ( 

F2 Sx&XX ^ Sy [s x y ~\- Hxy) Sx i^Syy H~ 2/iyy) 

- (s x + 2/i x ) s^ 2 - (sj, + 2h y ) s x s y (21) 
and s satisfies the following system of two nonlinear differential equations: 

{^x ~t~ 2 ~t~ (2 SyHy ~\~ ^y ) $x^) $xxx 

+ ((sj, - 2 fi,,) s^. 2 + (-4 h y h x + 2 h x s y ) s x + s y 3 - 4 /i/sj,) s 
+ (sa; 3 + 6 s x h x + (8 /la; 2 + 2 + s/) s x + 8 h x s y h y + 4 Z^s/) s 

+ ((2 fly + Sy) S X 2 + (4 hyk X + 2 h X Sy) S X +4 kySy 2 + Sy 3 + 4 ky 'S y) S 
+ (2,Syhy + Sy Sj; ^ S XX "I" 2 (( 2Sy + /ly ) "I" 2HyH X /l S y) S XX S 

+ 2 (-k x S x + 2ky 2 + Syky) 

Sxx-Syy ~\~ 4 i^Syhy h x S x 2H X ) S 

~\~ 2 ^ h XX S X ~\- 2 ( hyyh X Syh X y ~\~ h X yfly) S X ^j S %X 

2 (^hyySy ~\~ 2 {flyyfly ~\~ h X yfl X ) Sy ^ 5^ 

~\- (( 6 /iy 4 Sy) S X 10 h x Sy 12 hyh x ) S X ySyy 

~\- (( 4 h xx 4 hyy) Sy 4 flyyfly 4 fl X y fl X ) S X S X y 

+ 12 hyyh x + 12 H X yhy) Sy 8 h X HyyHy 8 /i X Z^y) 

H~ ( 4 /iy -|- -|- 2 h x s x 4 Syhy Sy ) 

-|- ^(4 hyy ~\~ 2 h xx ^j S x ~\- ( 8 h X yHy ~\~ 8 hyyH X 4 Syflxy) $x\ Syy 

-\~ ^ 2 hyySy ~\~ ( 8 h X yH X 8 hyyHy^j Sy 8 h x H X yHy 8 hyyHy ) 

-s x G -6 h x s x 5 -3 (Ah x 2 + 2s y hy + s y 2 ) s x A -A (2h x 3 + 6h x s y h y + 3h x s y 2 ) s x 3 

(3Sy H - 12/iySy H~ 12 ^ Hy ~\~ H X ) S y 2 ^ 12,H X Hy ~\~ hyyy ~\~ h XX y^j S y^j S x 

H~ 4 i^hyyyHy ~\~ hyyH XX ~\~ hyy ~\~ h^yhj;^ S X 
6 (ll X Sy ~\~ A}l x hySy ~\~ Ah X hy Sy ) s x 
4 {hyyh X y h X hyyy ~\~ h X yh XX h XX yh X ^j SyS X 

H - ^8 h X hyyyhy ~\~ 8 h X h X yy 8 h X yhyyhy ~\~ 8 /l X h yy ^ ^J/ ^ hySy 

12 /ly 5y ~|- 2 [hyyy 4/ly H - h XX y^j Sy ~\~ 4 {h XX yhy ~\~ ^hyyyhy ~\~ h X yyh X ^j Sy 

-\~ ^ 8 h £ h X yhyy ~\~ 8 hyyyhy ~\~ 8 h X h X yyhy ~\~ 8 Zi-gy /iy ) 5y = (22) 
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((2 hy ~\~ s y ) s x ~\~ (4 hyh x -\- 2 h x s y ) s x ~\~ 4 h y Sy ~\~ Sy ~\~ 4 hy Sy\ s xxx 

H~ f &x 6 s x h x ~\~ ^ 2 Syhy 8 5^ ^ 4 h x Sy 8 h x Syhy \ S XX y 

((^?/ 2 ( 4 hyhj; -\~ 2 h X Sy) S X H - 5y 4 <^i/) ^ Xyt) 

H~ ( 2 S x H x ~\~ ^ 5y 2 Syhy) S^) Syyy 

H~ (( 2 s<y 4 /^y) s x 4 hyh x 2 h x s y ) s xx 

H~ h X S X 6 Syhy ~\- 2 5^; H - 8 h x 4 /l^ 2 Sy ^ S X yS XX 

(2 S X hy ~\- 2 h x Sy H - 4 hyh x ) SyyS XX 

H~ (2 h X yS x ~h (( 2 /i^a; H~ 2 hyy) Sy ~\~ 12 h X yh x 4 h xx hy -\- 8 hyyhy) s x) s XX 

H~ ( 2 h X ySy H - (4 hyyh X 4 h X yhy) Sy ~\~ 8 hnf-hyyhy ~\~ 8 h X y) S XX 

H~ 4 [S X hy ~\- C 2 i hyh X ~\~ h X Sy) S X y ~\~ 2 (^h X S X S-y H - -|- 2/ly -|- Syhy) SyyS X y 

H~ 4 {hxyhy hyyh X ) S X S X y 4 {h XX ~\~ hyyj Sy S X y 

H~ 4 {3h X yh X *2h xx hy ~\~ hyyhy) SyS X y 

-\~ ^8 h X h X yhy ~\- 8 hyyhy ^ S <£y H" (2 /ly -(- 2 S^) S X Syy 

~\~ ^2 h X yS x ~\~ ((6 H~ 2 h xx ) Sy ~\~ 4 hyyhy -\- 4 h xx hy) s x 2 h X ySy ^ 

H~ ( 2 hyyy 2 h XX y) S X ~\~ ( 4 h X hyyy 8 h XX yh X 4 hyh X yy) S X 

+ ((—2h —2h ) s 2 -\- (—4-h h —Ah h -\-ih 2 + 4 /? h U U 

~ \V yyy ,L xxy J °y i ^ ^ ' L xxy ,(j y ^ ,L yyy ,L y ~ ^ ~ ^ ,L yy ,L xx i °y J °x 

H~ ( 8 h x h X yhyy 8 h X h X yyhy 8 h XX y ~\~ 8 hyyhyh XX ) S X 

H~ ( 4 hyh X yy 4 hyyh X y 4 h X xyh x 4 h X yh X x) Sy 

H~ ( 8 ^/ h X yy 8 hyh x h X xy 8 h x h X y 8 h X xhyh X 'y) Sy (23) 

By the formula fllj) with h = h + s we obtain for the new Schrodinger 
potential 

u = u — As + 2 h x s x + s x 2 + 2 s y hy + s y 2 (24) 

From the formula (I2CT1) we have for the new solution of the Fokker-Planck 
equation 

W = e~ s f R x W - — + R 2 Qj (25) 

From the formulae (j25l) , f fT3|) and ((3]) we have for the new solution of the 
Schrodinger equation 
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QY 

Y = (R 1 + h y )Y - — + e h R 2 Q (26) 

Where Q, according to (JSJ), (EJ), (jSJ) and ( fTTj) . satisfies the following system 
of equations 

£ n _y«*_* = (27) 
ax ox ay 

™Y h -Y?*± + W =0 (28) 
<9y dy dx 



The Darboux transformation ([2"B"j) is a nonlocal transformation as the 
potential variable Q is a nonlocal variable connected with Y by the system 

(EZD, (J2HD. 

3 Application of the nonlocal Darboux trans- 
formation 

In the simple case h = the system of equations (1221) . fl23|) for i? = exp (— s) 
has the form 



— (2 BB y B xy + BB X (B xx — B yy ) + B x (B x 2 + -B^ 2 )) (-B-c + B yy ) 

g 

+ ^ (B X 2 + By 2 ) — (B XX + Byy) = 

— (2BB X B xy — BB y [B xx — B yy ) + B y (B x 2 + B y 2 )) (B xx + S w ) 

+ B {B 2 + 5 y 2 ) |- (5 M + B w ) = (29) 

These equations were considered in the paper [8J. If B is a solution of 
equations ( |29l) then 1/5 and CB, where C is an arbitrary constant, are 
solutions as well. It is obvious from the form of equations ( 1291) that any 
solution of the Laplace equation AB = is the solution of these equations. 

The system of equations fl29|) can be integrated. In the case AB is not 
zero one can obtain 

(B 2 - K) {B xx + Byy) - 2 B (B x 2 + B y 2 ) = (30) 
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or in the other form 



S 4 A(1/S) , N 

= — < 31 > 

where K is an arbitrary constant. It is obvious that if B is a solution of 
equation ( I3T1) with constant i^s then 1/5 is a solution of this equation with 
constant I/Kb- 

According to equation (J4j), the initial potential u of the Schrodinger equa- 
tion corresponding to h — is u — 0. The new potential of Schrodinger 
equation corresponds to s = — In (B) and is given by 

u = AB/B (32) 

Note that according to formula fl32|) B is an example of solution for the 
Schrodinger equation with new potential u. 

The solution B L of the Laplace equation provide u = fl32|) . Taking £> = 
1/B L one obtains nontrivial m, but potentials of this kind have singularities: 




u = 2 {B L p 

Note that this formula coincides with the formula f fT2|) for the Moutard 
transformation of the potential where u = 0, = B^. 
Let us consider the following ansatz for B 

B(x,y) = F(x 2 + y 2 ) 
This ansatz provides the following solution of equation (|3T!) 

VK (V + y 2 ) Cl - C 2 ) 

B r (x, y) = ^ p, '- (33) 

(x 2 + y 2 ) Cj + C 2 

where Ci , (7g are arbitrary constants. 

The solution B r provides by the formula f|32l) 

u = -8 -j (34) 



(x 2 + y2) « + ^y 



This solvable potential is nonsingular if Ct > 1, C 2 > 0. For Cj 
1, 2, 3, 4 this potential is the special case of potentials considered in jS]. 
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Consider for example Ci = 3/2, Cg = 1. In this case we have 

B = t^;;;- 1 ( 35) 

(x 2 + y 2 ) 3/2 + 1 
Consider two solutions of the Laplace equation 

Y - X Y V 



x 2 + y 2 x 2 + y 2 

From (E7D, (TJED with y fe = 1 we have for Y = Y L1 and Y = Y L2 

Ql\ = 5-7 5- + Cll , Ql2 = —5— 5- + C*L2 

X Z ^ yZ % A _|_ ^ 

where C^, C^g are arbitrary constants. 

From P5|) with h = and B from (1551 we have for F = F^i, Q = Qli 

and f = f L2 , q = g L2 



-2 (7 (x 2 + y 2 ) 3/2 + l) C L1 x ( 5 (x 2 + y 2 ) 3/2 - 1 

Yli = ^-7 V + ^ V (36) 

(x 2 + y 2 ) 2 ( (x 2 + y 2 ) 3/2 + lj (x 2 + y 2 ) Ux 2 + y 2 f 2 + 1J 



(x 2 - y 2 ) (7 (x 2 + y 2 ) 3/2 + l) C L2 x (5 (x 2 + y 2 ) 3/2 - 1^ 
(x 2 + y 2 ) 2 (jx 2 + y 2 ) 3/2 + l) (x 2 + y 2 ) (jx 2 + y 2 ) 3/2 + l) 

These functions are examples of solutions for the Schrodinger equation 
with solvable potential 



fi=-18 - 2 (38) 



((x 2 + y 2 ) 3/2 + 1 



Now the Moutard transformation can be applied to the Schrodinger equa- 
tion with potential ( l38|) . A single Moutard transformation can provide sin- 
gular solvable potential. To obtain new nonsingular solvable potential for the 
Schrodinger equation from the solvable potential ( 1581 . let us apply twofold 
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Moutard transformation . Let us consider u from (I38p and select two solu- 
tions Yi,Y 2 of the Schrodinger equation equal to functions ( 15tj|) . ( T^Tj) with 
Cli = Cl2 = 0. From the equation (Tl8l) we obtain 

Ql2 = w^ 3/2 +i , + c/2 (39) 



2 (x 2 + y 2 ) 2 [{x 2 + y 2 f' 2 + 1 
where C is an arbitrary constant. From the equation (1191) we obtain 



~ -2 r (441 + 9 C 2 r 8 + 2 Cr (392 r 6 + 49 r 3 + 8)) 
" ~ (Cr 4 (r 3 + 1) +49r 3 + l) 2 

where r = ^ x 2 + y 2 . 

This solvable potential is nonsingular if C > 0. The example of solution 
for the Schrodinger equation with potential fj40|) is 



-4xyf7 (s 2 + y 2 ) 3/2 + l 

y = y/gxs = ^ , (41) 

C {x 2 + y 2 ) 2 Ux 2 + y 2 f 2 + lj + 49 {x 2 + y 2 ) 3/2 + 1 

The solutions of equations ff22|) . fT23l can be obtained not only for h = 0. 
For example let us consider h(x,y) = H(y) and use the ansatz s(x,y) = 
—2H(y) + S(x). That reduces the equations f[2"2l . (|2"31 to the ordinary dif- 
ferential equation 

S X S XXX S xx S x = (42) 
The solution of the equation (l4"2"j) is 

S(x) = In ( eXPi { C r : X) - ( : 2 ) + C 3 (43) 

where Ci, C 2 , C3 are arbitrary constants. 
Thus from any solvable potential 

we obtain the new solvable potential 

^^(y) 2g g g J 2 exp(C J x) 

uh = uh + 2 — — 5 T 45) 

*/ 2 (exp(C,x)- C 2 f 1 ; 
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Consider H(y) = — In (sin (y)) and choose the solution f)43p in the form 
S(x) = In (tanh (p(x — x ))) where p, x are arbitrary constants. In this case 
the initial solvable potential is Uh = — 1 and 

u H = -1 + 2 (sin (y))' 2 + 2p 2 (sinh (p (x - x )))~ 2 (46) 

This potential has singularities. To obtain new nonsingular solvable potential 
for the Schrodinger equation from the solvable potential (j46p . let us apply 
Moutard transformation. For the solution sin (x) of the Schrodinger equation 
with potential uh = — 1 by the formulae (12"T|) . (I2"gj) we obtain Q = C — 
cos (?/) cos (x) where C is an arbitrary constant. The formula f[2"6"j) provides 
the solution of the Schrodinger equation with potential (j4"6"l) 



^ _ (g (C - cos (y) cos (a;)) - cos (y) sin (x) tanh (p(x-x ))) 

sin (y) tanh (p (x — 

We choose Y^ — Yp and perform the Moutard transformation for the potential 
(JIB]) . The new solvable potential is 

_ j + 2 (/j (cosh (p (g - x )))~ 2 +fg+f 3 tanh (p (x - x ))) 

(p (C — cos (y) cos (a;)) — cos (y) sin (x) tanh (p (x — x ))) 2 

where 

fi = —p 2 (p 2 + l) (C — cos (y) cos (x)) 2 +p 2 C 2 — (p 2 + l) cos (y) 2 — sin (x) 2 
f% = —2p 2 C cos (y) cos (sc) + 1 + (p 2 — l) cos (x) 2 + (p 2 + l) cos (y) 2 
f 3 = 2p sin (x) (cos (x) — C cos (y)) 



This potential is obviously nonsingular ior p > 0, C > 1/p + l. The function 
1/Yp is an example of solution for the Schrodinger equation with potential 

(HHD. 

4 Results and Discussion 

In the past decades substantial progress in the description of the exact solu- 
tions for nonlinear partial differential equations and linear partial differential 
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equations with variable coefficients has taken place. The useful tool for solv- 
ing one - dimensional Schrodinger equation is the Darboux transformation 
[TT] . Some generalizations of the Darboux transformation for two - dimen- 
sional case were proposed, including operators of second order in derivatives 
[12], [13]. Examples of solvable two dimensional models were obtained in 
the framework of these generalized Darboux transformations (see for exam- 
ple [13], [13] and references therein). Some examples of exactly solvable 
two - dimensional stationary Schrodinger operators with smooth rational po- 
tentials decaying at infinity were obtained in the paper [10J by application 
of the Moutard transformation which is a two-dimensional generalization of 
the Darboux transformation. In the past years progress was made in the 
symmetry group analysis of differential equations by extending the spaces of 
symmetries of a given partial differential equations system to include non- 
local symmetries [16], [17]. In the present paper the inclusion of nonlocal 
variables in the Darboux transformation for the 2D stationary Schrodinger 
equation is considered. 

In the paper [S] the Fokker-Planck equation associated with the two - 
dimensional stationary Schrodinger equation was considered. The Fokker- 
Planck equation has the conservation low form that yields a pair of potential 
equations. The special form of the Darboux transformation for these poten- 
tial equations was introduced. As the potential variable is a nonlocal vari- 
able that provides the nonlocal Darboux transformation for the Schrodinger 
equation. It was shown that this nonlocal transformation is a useful tool 
for obtaining exactly solvable two - dimensional stationary Schrodinger op- 
erators. The consideration in the paper [8] is restricted by the simple case 
h = 0. In the present paper the case of arbitrary h is considered and relation 
of the nonlocal Darboux transformation with the Moutard [D] transformation 
is established. It is shown that the special case h = —h of the nonlocal Dar- 
boux transformation provides the Moutard transformation. New examples 
of exactly solvable two - dimensional stationary Schrodinger operators with 
smooth potentials are obtained as an application of the nonlocal Darboux 
transformation. 
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